Abstract-Signature is an important legal personal identification. Selecting a good feature representation is a significant step in designing a signature verification system. Single resolution function approach used in on-line signature verification faces the difficulty in identifying the intra-class variations of the features extracted. Such an approach might cause the acceptance of forged signatures that have similar patterns as the original and the rejection of genuine signatures that have high intra-class variations. This paper discusses the intra-class variation representation in on-line signature verification using wavelet and fractal analysis. With the achievement performance of an average improvement of 18% in genuine test verification rate and 7% in forged test verification rate compared to the single resolution function approach, it proves that the intra-class variations are important for on-line signature verification.
INTRODUCTION
Signature as one accepted means of personal identification is formally used for various applications in many countries especially for issuing official documentation such as in banks, property deals and forensic documents services [1, 2] . However, signature verification is usually done using a simple way by comparing the appearance of two signature using human eyes without real systematic verification [3] . The accuracy of the judgment done by visual inspection is subjective and questionable since different people can give a different view. Therefore, it is important to have a reliable signature verification system in order to ensure that the signature is genuine before any authorization takes place.
Signature verification is a set of procedures which can distinguish a genuine signature from a forged signature [14] . There are two types of handwritten signature verification: offline handwritten signature verification and on-line handwritten signature verification [4] . Off-line handwritten signature verification studies the result of the action of signing from a signature image while on-line handwritten signature verification studies the action of signing itself through features like a sequence of signature coordinates, pressure, speed and time [5, 6] . The advanced development in mobile technology has result in the interest in researching on-line signature verification as an alternative of biometric modality [4] .
Signature stability is one of the issues in the signature verification task. A lot of variations can be observed in signatures according to the country, age, time, habits, psychological, physical and practical conditions [13] . This has led to the difficulties to determine the two types of signature variations that have been clearly distinguished: intra-class and inter-class variations [13] . Intra-class variations refer to the differences within signatures produced by the same signer while inter-class variations are the differences between signatures, which are produced by two different signers. A signature verification system not only should be able to detect forged signatures, it also should be able to avoid the rejection of genuine signatures [6] . Therefore, the features selected for verification should not only have minimum intra-class variations but also high inter-class variations. Minimum intraclass variations show the stability in the signatures from the same signer while high inter-class variations help to differentiate the signatures from different signers.
The outline of this paper is as follows. The following section describes the intra-class variations representation for online signature verification. This section also discusses the proposed multi-resolution approach of using wavelet analysis and fractal dimension. Section III presents the construction of individual cumulative threshold used in this study. The database used is discussed in Section IV while the results and discussion are presented in Section V. The paper ends with conclusions and future works in Section VI.
II. INTRA-CLASS VARIATION REPRESENTATION
Generally, signature verification schemes are based either on a parameter or on a function approach. Parameter approach is a method that characterizes the signature as a vector of elements each representing a value of a feature such as height or width ratio of the stroke and total signing time [15] . Function approach is a method in time sequences describing local properties of the signature used for verification [7] . Such approach normally is applied to online-signature verification.
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The signature features in terms of time functions are treated as signals. In signal processing, a signal is frequently contaminated by noise when a signal is received after transmission over some distance [8] . A signal can be represented by (1) .
It is believed that signature features also have the same form but the noise in signal processing is the variation in signature verification. Therefore, a signature feature is represented as (2) . signature feature = original signal + variations (2) Single resolution function approach studies the outline of each feature function used which does not consider the inner variations of each feature. Consequently, single resolution function approach is unable to separate the inner variations and the overall signal structure for further analysis. Such an approach may cause the acceptance of forged signatures that have similar patterns as the original and the rejection of genuine signatures that have high intra-class variability. In order to overcome the problem, this study proposes to use a multi-resolution approach in representing the signal.
A. Wavelet Analysis
The multi-resolution analysis was introduced by S. Mallat [16] . Multi-resolution wavelet transformation can decompose a signal into different levels of low-pass and high-pass information [10] . The low-pass information represents the main body of the original data while the high-pass information represents features that contain sharper variations [9] . Such approach enables one signature signal to be presented into two different forms: low-pass information as a global function, which represents the general signal pattern and high-pass information as a local function, which represents the detailed signal pattern. The detailed signal pattern cannot be obtained using the single resolution approach. It is believed that the analysis of intra-class variations can be performed by using the detailed signal pattern.
The fourth order of Daubechies (db4) has been used as the mother wavelet in this study. A signature feature is decomposed to study the pattern of sub-signals produced at each level, which is believed to be able to represent intra-class and inter-class variations. Fig. 1 shows the different level subsignals of low-pass and high-pass analysis as an example of wavelet decomposition applied in one sample of signature angle.
B. Fractal Dimension
The fractal theory was put forward by Mandelbrot in the middle of the 1970s [11] . Fractal dimension is a mathematical concept used to measure the geometrical complexity of an object [12, 17] . 
which is needed to cover one sub-signal. The ratio gives a statistical index of complexity and compares how detailed a shape or pattern changes with the scale at which it is measured [18] . The complexity of different levels of sub-signals represents the characteristic of the signature which contains the individuality of every signer.
The fractal dimension indexes are later used to form an optimal individual threshold. The test signatures are verified according to the determined individual threshold.
III. THE INDIVIDUAL CUMULATIVE THRESHOLD
The individual cumulative threshold is built by using the decomposition concept. In the theory of wavelet multiresolution, one signal can be transformed back by adding a certain level of approximation analysis with the same level of detailed analysis and all the previous levels of detailed analysis. The standard deviation of each level of one feature is computed and summed to form the feature threshold, Tf using (4). The fourth level of approximation analysis is used with the first four levels of detailed analysis. This is because the subsignal of the third level of approximation analysis can be formed using the fourth level of approximation analysis and the fourth level of detailed analysis. This condition also happens to the sub-signal of the second level of approximation analysis and the sub-signal of the first level of approximation analysis, which can be regenerated using their lower resolution subsignals.
The individual cumulative threshold, Tw is the combination of the features thresholds with different weight as in (5) which is writer-dependent. The features thresholds are combined using weighted sum method. The weights used for feature angle, pressure and speed are denoted as Į, ȕ and Ȗ, respectively as shown in (5) . The weight of each feature is based on the verification rate of the reference signatures using the feature threshold. Each signer is assigned to his or her own feature's weight. IV. DATABASE USED This study used a total of 1500 genuine signatures and 1000 forged signatures. The genuine signatures involved 500 signatures as reference signatures and 1000 genuine test signatures. The forged signatures consisted of 500 random forged test signatures and 500 simple forged test signatures. The summary of the database used is shown in Table I .
The same database was used to carry out the signature verification using single resolution approach and the proposed approach. The features used for single resolution approach were the same features used in the proposed approach: angle, pressure and speed. The single resolution approach also used fractal dimension to measure the feature patterns as done in the proposed approach. The discussion of the verification results was divided into feature-based verification and the overall verification that was based on the individual cumulative threshold. The verification results obtained for the three different features of the genuine test and forged test are shown in Table II and Table III . The result of the single resolution approach was compared with the result of the proposed approach to evaluate the verification performance. Forged test 50 20 1000
Genuine Test Angle Pressure Speed
Single resolution approach 58% 55% 59%
Proposed approach 75% 70% 75%
Forged Test Angle Pressure Speed
Single resolution approach 58% 63% 63%
Proposed approach 52% 74% 48%
The verification result of genuine test represented the true acceptance rate while the verification result of forged test represented the true rejection rate [19, 20] . Based on the result obtained, it was noticed that the proposed approach with intraclass variation representation only had lower verification rates in the forged tests for the signature feature of angle and speed with the verification rates of 52% and 48% respectively. The factor that might cause the low verification rates in forged tests of angle and speed was the complexity level of the signatures used in the database. In this study, the signatures could be divided into two types: simple signatures and complex signatures. Simple signatures could be easily forged and their signing speed also could be simply estimated [21] . Therefore, this might cause low verification rates in the forged test of angle and speed for the simple signatures. Besides that, it was found out that complex signatures showed inconsistency especially in the speed signal by the genuine signers. The inconsistency might cause wider range variations, which then might cause the forged signatures to be easily accepted too.
However, the verification rates of angle and speed in the genuine tests with a 75% verification rate respectively were much higher than the verification rates from the single resolution approach. As mentioned earlier, intra-class variations occurred within genuine signatures produced by the same signer. Hence, it was proven that the proposed approach performed better than the single resolution approach in verifying genuine test signatures, which contained intra-class variations.
Different features had their own importance in signature verification task. Although some signatures were weak in one feature, other features could help to improve the performance of the verification. For instance, pressure could help in the forged test with a high verification rate of 74% although it had a lower genuine test verification rate of 70%. The three signature features were combined to have a total verification rate. The verification rate had improved when using the combined weighted sum of the three features known as the individual cumulative threshold.
The comparison of the overall verification result between the proposed approach and single resolution approach is illustrated in Fig. 2 . In the genuine test, the proposed approach had a result of 78% (22% of false rejection) while the single resolution approach had a result of 60% (40% of false rejection). In the forged test, the proposed approach obtained a 70% verification rate (30% of false acceptance) while the single resolution approach obtained a 63% verification rate (37% of false acceptance). Therefore, the total verification rate of the proposed approach was better than the total verification rate of the single resolution approach in both genuine and forged tests.
Based on the comparison of overall verification result obtained as shown in Fig. 2 , the proposed approach achieved an average improvement of 18% in genuine test verification rate and 7% in forged test verification rate compared to the single resolution approach. It showed that by incorporating intra-class variation representation in on-line handwritten signature verification using wavelet and fractal analysis performed better compared to single resolution approach. 
VI. CONCLUSIONS AND FUTURE WORKS
In conclusion, this study has proven that the proposed approach with intra-class variations representation provides better analysis of the signature features than single resolution approach. It also shows that wavelet multi-resolution analysis and fractal dimension is appropriate to be used in interpreting intra-class variations. Wavelet decomposition is a suitable variations analysis tool to investigate the intra-class variations of a signature and fractal dimension is a potential signature complexity measurement for on-line handwritten signature verification. Thus, the integration of wavelet analysis inspired by the signal processing field and fractal dimension from pattern recognition has contributed towards the improvement of features analysis in the intra-class variations representation for on-line handwritten signature verification.
In future, the proposed approach will be tested using different databases. Another alternative is the combination of the proposed model with parameter features such as total signing time, the number of signature strokes involved and length to width ratio. This study may also proceed with other intelligent approaches to help with verification and decisionmaking.
